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ABSTRACT. Numerical techniques are essential tools to solve reaction-diffusion
models in ecology, addressing the intrinsic complexity arising from nonlinear
and coupled systems. Advanced numerical methods provide efficient spatial
and temporal resolution in order to predict the emergence of complex patterns,
such as the ones arising in vegetation. The emergence of vegetation patterns
is significantly influenced by plant-soil feedback, which alters soil properties,
shapes nutrient availability, influences plant interactions, and develops mutual-
istic relationships with soil microbes. Understanding these feedback processes
is essential to manage and conserve ecosystems, predict responses to environ-
mental change, and implement appropriate land management strategies. The
formation of vegetation patterns has been the focus of significant study and
debate over the years and has been linked to two main mechanisms: the deple-
tion of water in the center of vegetation patches and the production of toxicity
by litter decomposition in soil. In this study, we investigate the role of wa-
ter depletion and autotoxicity in the formation of spatial vegetation patterns.
We propose and compare various reaction-diffusion PDE models that describe
the dynamics of plant biomass under water scarcity and the presence of tox-
icity caused by litter decomposition. We incorporate logistic and exponential
growth functions to capture different growth mechanisms, along with mortal-
ity and inhibition terms to simulate the components’ individual death rates
and inhibitory effects. This leads us to six alternative reaction-diffusion PDE
models, which we solve using suitable numerical techniques.

1. Introduction. Plant ecologists have been fascinated by the complexities of veg-
etation dynamics for a long time [12, 13, 54]. The ecological importance of regular
vegetation patterns in arid and semi-arid landscapes indicates the need for further
investigation to enable efficient management and conservation of these ecosystems.
Regular vegetation patterns arise and are maintained by a complex interplay of com-
ponents, including self-organizing processes driven by feedback mechanisms between
environmental variables and plants [36, 45]. These patterns affect water flow, the
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nutrient cycle, habitat availability, and ultimately the distribution of plant species
[28, 34]. To sustainably manage land, an understanding of the mechanisms under-
lying regular vegetation patterns and the ecological consequences of these patterns
is required [45]. Regular vegetation patterns are essential to the resilience, biodiver-
sity, and proper operation of ecosystems. Understanding these patterns is crucial
for effective land management and conservation efforts in fragile areas [9, 22].

Activator-inhibitor reaction-diffusion models have been effectively utilized to
study various real-life problems [23, 30]. A variety of systems exhibiting pat-
terned dynamics, including vegetation, are studied using PDE models based on
activator-inhibitor interactions [11, 21, 35]. In these models, the inhibitor limits
the activator’s production, whereas the activator stimulates its own. Diffusion of
both the activator and inhibitor plays a key role in the dynamics of these models,
which in fact are based on reaction-diffusion equations. It was Alan Turing who
first observed the patterns that arise in these models in 1952; he proposed that the
destabilization of a stable, spatially uniform steady state through the coupling of
diffusion and kinetics leads to pattern formation [48]. In particular, Turing’s theory
was effectively used to provide a suitable explanation of the spatially periodic struc-
tures of vegetation biomass that emerge over flat terrains as well as along slopes
[6, 10, 15, 19, 20, 24, 27, 42, 44, 52]. In the first case, the resulting patterns referred
to labyrinths, hexagons, gaps, and spots [14, 16, 17, 18, 25, 30, 36, 38, 40, 47, 53]
while in the latter case, these formations are called bands, tiger bushes, or stripes
[10, 15, 27, 39, 41, 43, 46, 51, 55].

One of the main ecological hypotheses relates the emergence of vegetation pat-
terns to the availability of water and was described by coupled partial differential
equations (PDEs) governing plant biomass and water dynamics [24, 31, 32, 33, 36,
50, 53]. However, the existence of patterns in humid environments could not be
explained by only considering water availability [37]. An additional relevanti eco-
logical mechanism that should be taken into account is thus given by plant-soil
negative feedback; this involves soilborne pathogens which can reduce the growth,
reproduction, and survival of plants [2, 7, 8], and autotoxic compounds produced
from litter decomposition [4, 29]. The toxic environment prevents seed germination
and growth [5]. PDE models combining the dynamics of biomass, toxicity, and
soil water can replicate vegetation patterns even in situations where water is not a
limiting factor [26].

In our previous work [1], we used the reaction-diffusion framework to study the
formation of vegetation patterns on flat terrains, by considering plant biomass as
the activator and soil toxicity as the inhibitor. In this context, high biomass levels
promote the production of toxins, which in turn inhibit plant growth. This feedback
loop can lead to the formation of stable vegetation patterns, such as stripes, spots,
and bands but is unable to support the emergence of Turing patterns. In this
work, we include water as a third state variable playing the role of the substrate.
We then proposed several reaction-diffusion models by considering different types of
growth, mortality, and inhibition functions. This approach leads to six PDE models,
allowing for a comprehensive exploration of individual and combined effects of water
and autotoxicity on the biomass spatial distribution.

The rest of this paper is structured as follows. In Section 2 we introduce the
general framework used for the PDE models analysed in this work based on the
dynamics of an activator, a substrate, and an inhibitor (respectively representing
biomass, water, and autotoxicity). Taking into account different types of growth,
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mortality, and inhibition functions leads to six PDE models, which are introduced in
Section 3. The numerical scheme and the corresponding results of the simulations of
these six models are discussed in Section 4. Finally, the implications of our findings
are discussed in Section 5.

2. The activator-substrate-inhibitor formulation. In this study, we expand
our work from [1] where we examined the role of negative plant-soil feedback to the
dynamics of plant biomass. Specifically, in [1] presented the comparison of different
activator-inhibitor reaction-diffusion PDE models to investigate the effect of toxic-
ity produced by litter decomposition on plant biomass. Six models were introduced
by taking biomass as an activator and toxicity as an inhibitor to study the corre-
sponding dynamics. In this work, we integrated the activator-inhibitor models in [1]
by adding a substrate component. A substrate is a material or resource consumed
in the reaction (e.g., water, ammonium, sulfate). Here we focus on two growth
functions in order to capture the main growth mechanisms observed in nature: lo-
gistic and exponential. The logistic growth incorporates inhibitory effects and, by
including the carrying capacity related to the environment, takes into account the
influence of potentially limiting factors. On the other hand, the exponential func-
tion mimics unrestricted growth under ideal conditions. Moreover, we distinguish
different strategies for the inhibitor to limit the activator’s dynamics; in particular,
we consider growth inhibition, extra mortality, and a combination of both effects.

The general configuration of the mathematical models defining the dynamics of
three components - the activator (A), the inhibitor (I), and the substrate (S) - thus
takes the form

% — BA(AS,I) + DaV2A,

= au(a.5.1)+ D5V, (1
1

% — (A, S, I)+ DV

The terms modeling different growth, inhibition, and mortality processes for the
activator, substrate, and inhibitor, respectively, are represented by the functions
D4, g, and ®;. The diffusion of the activator, substrate, and inhibitor is mod-
eled by the Laplacian operator V2 (which only acts on the spatial domain) with
corresponding diffusion coefficients D4, Dg, and D;. In the context of vegetation
dynamics, we consider the dynamic interactions of plant biomass as the activator,
water as the substrate, and toxic compounds as the inhibitor. These are analyzed
in terms of densities, represented by the variables B, W, and T, respectively.

TABLE 1. Notation for the PDE models in Sec. 3.

Inhibitor type

Inhibition | Extra Mortality | Inhibition and Extra mor-
tality

. Exponen- BETIW BETMW BETIMW
Activator type tial

Logistic BLTIW BLTMW BLTIMW
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3. The PDE models for vegetation dynamics. The proposed models consist
of three nonlinear coupled partial differential equations. In particular, the notation
that we outlined in Table 1 and the reaction terms of the proposed models are
summarised in Table 2.

TABLE 2. Activator-Substrate-Inhibitor models as in (1) in the
case of biomass (B), water (W) and toxicity (7).

Toxicity
Inhibition Extra Mortality Inhibition and Extra Mor-
tality
b4 =gB2(1-T)W ®4 = gB*W — dB b4 =gB2(1-T)W
—dB —sBT —dB — sBT

Exponential ¢ =p—rB*W —IW | &5 =p —rB*W — IW| &5 =p — rB>W — IW

& = cgB3*(1 - T)W &; = c¢(dB + sBT) &r = c1gB*(1 - T)W

Biomass —kT —kT +c2(dB + sBT) — kT
o =gB(1- 2 )1-1T)
®4=gB(1— £-) ®4 = gB(l - F)W "
XW — dB — sBT
x(1 —T)W — dB —dB — sBT
o &5 =p—rB*W —IW
Logistic O =p—rB2W —IW | &5 =p — rB>W — IW|
q)I = ClgB(l — BL)
@ =cgB(1— £) ®; = c(dB + sBT) "
x(1—T)W
x(1—T)W — kT —kT

+c2(dB + sBT) — kT

These models combine extra mortality and inhibition terms with logistic and
exponential growth functions to investigate the impact of various factors on the
dynamics. The impact of different variables on the dynamics of toxicity, water, and
biomass was specifically examined using these six different models. This approach
allows for a nuanced exploration of how growth functions, mortality terms, and in-
hibition processes shape the overall behavior and distribution of the state variables.
The study aims to contribute a comprehensive understanding of the complex dy-
namics governing the interactions of biomass, water, and toxicity within ecological
systems, offering valuable insights into the impact of different regulatory factors
on vegetation patterns. In the next subsections, we will discuss the models to fix
notations and refer to the examined cases. Some of the parameters will be fixed in
all the considered cases; these are summarized in Table 3. A complete summary of
the parameter values (and their description) is provided in Marasco et al. [26].

In all these models we present below, we consider the following common processes:

seeds dispersal, modelled as biomass diffusion via the term DgV?2B;
water input by means of rainfall, modelled by the precipitation rate p;
water evaporation, described as —IW,

water uptake by plants’ roots, modelled as rB2W;

water diffusion, described by the term Dy V2W;

toxicity intrinsic decay, modelled by the term —kT;

toxicity diffusion, described by the term D;V2T.
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TABLE 3. Table of Parameters.

Parameter| Description Units Values

g Growth rate of B month™! 0.002

B, Carrying capacity for B kg cm? 1

d Death rate of B day =1 0.01

S Plant sensitivity to T' em?kgmonth™' | 0.2

Dg Diffusion coefficient for B emPmonth™! 0.01

P rainfall kg day 'm? 0.7-2.0

r water uptake due to biomass miday kg2 0.35

l water loss due to evaporation day! 0.01

Dy water diffusion coefficient m2day! 0.8

Dr Diffusion coefficient for T' emPmonth™! 0.5

k Decay rate of T month™! 0.001-0.1

c1 Growth rate of T' due to dead biomass | — 0.05

Ca Growth rate of T due to growth of | - 0.05
biomass

We highlight that the modeling choice for the relation between biomass and water
both in biomass growth and water uptake takes the form B2W due to biomass-water
feedback, as clearly explained in detail in [3].

3.1. BETIW model. In the BETIW model, the function used to model the
biomass growth is exponential, proportional to water availability by a factor g and
inhibited by the presence of toxicity. Toxic compounds increase proportionally to
the growth of biomass via a factor c.

According to the above description, the model equations are

%f =gB*(1 -T)W —dB + DpV*B
ow ) )
aa—f =cgB*(1 — T)W — kT + Dy V°T.

3.2. BETMW model. In the BETMW model, we again assume biomass growth
to be exponential and proportional to the water density with a coefficient g. More-
over, an extra mortality effect due to the presence of toxicity is described by the
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term —sBT', where s represents the species’ sensitivity. Toxic compounds are again
produced by a fraction of dead biomass c.
According to the above description, the model equations are

%—f = gB?>W — dB — sBT + DpV?B

aa—vz/zp—TB2W—lW+DWV2W (3)
T

867 = ¢(dB + sBT) — kT + DyV*T

3.3. BETIMW model. In the BETIMW model, the two previous modelling
frameworks presented in Sec. 3.1-3.2 are combined by considering both growth in-
hibition and extra mortality in the biomass equation, respectively represented by
the terms gB2(1 — T)W and —sBT. In this case, toxic compounds increase pro-
portionally to the growth of biomass by a factor ¢; and also proportionally to the
dead biomass by a factor cs.

According to the above description, the model equations are

%—f =gB*(1 - T)W —dB — sBT + DgV*B
%:p—rBQW—ZW+DWv2W (4)
or 2 2

5 = 9B (1= T)W + co(dB + sBT) — kT + Dy V>T.

3.4. BLTIW model. Inthe BLTTW model, the function used to model the biomass
growth is logistic with carrying capacity B,,, proportional to water availability by
a factor ¢ and inhibited by the presence of toxicity. Toxic compounds increase
proportionally to the growth of biomass by a factor c.

According to the above description, the model equations are

8B:gB<1—§> (1—T)W — dB + DpV?B

ot -
aa%/ =p—rB?*W —IW + Dy V?*W (5)
oT B )

5 = 9B <1—Bm> (1 —=T)W — kT + DrV>T

3.5. BLTMW model. In the BLTMW model, we again assume biomass growth
to be logistic with carrying capacity B,, and proportional to the water density via
a coefficient g. Moreover, an extra mortality effect due to the presence of toxicity is
described by the term —sBT, where s represents the species’ sensitivity to toxicity.
Toxic compounds are again produced by a fraction of dead biomass c.
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According to the above description, the model equations are

OB B
— =gB|1-=— —dB — sBT + DgV?*B
En g < Bm>W d s + DV

ow

S =P TBAW — W + Dy VW (6)
%f = c(dB + sBT) — kT + Dy V>T.

3.6. BLTIMW model. Inthe BLTIMW model, the two previous modelling frame-

works presented in Sec. 3.4-3.5 are combined by considering both growth inhibition

and extra mortality in the biomass equation, respectively represented by the terms

B

gB <1 Bm

the growth of biomass by a factor ¢; and to the dead biomass by a factor co.
According to the above description, the model equations are

) (1 =T)W and —sBT. Toxic compounds increase proportionally to

B B

— =¢gB|1-=—)(1-T)W —dB - sBT + DgV’B

BN g < Bm>< W —d s + DV

oW

o =p—TBYW —IW + Dy VAW (™

T B
or _ c1gB (1 — B) (1 = T)W + co(dB + sBT) — kT + Dy V*T.

m

4. Forecasting: Numerical simulations. In this section, we performed the nu-
merical simulations of the models given in Sec. 3, with the goal of examining the
spatial dynamics of the systems in various ecosystems, represented by different pre-
cipitation rates p. Here, we focus our attention on the one-dimensional case as this
allows a clear comparison with the stability results shown in section A. Additional
simulations carried out on a two-dimensional domain are discussed in Sec. 5. All
our models of type (1) are defined on the bounded domain Q@ = {0 < z < L} and
are subject to the boundary and initial conditions

B

6—20, eI, t>0,

or

—8W=0, red, t>0, (8)
or

T

8—:0, eI, t>0,

or

and

B(x,0) = Aexp (f(x;fg"f) , for all z,

W (z,0) =0, (9)
T({E7 0) = To,
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where A is the height of the Gaussian pulse, zo = L/2 is its center and o = 3 is
its width. All numerical simulations are carried out with L = 30. We use zero flux
Neumann boundary conditions in our models to mimick a limited spatial area with
no exchange across the boundaries in order to focus on the internal dynamics of the
system.

In the next section, we first provide a detailed description of the numerical scheme
used in our simulations and then present results of the evolution of biomass for the
different models introduced in Sec. 3. For each model, we fix three different initial
conditions by varying the value of A in Eq. (9) and then display three panels
corresponding to the time evolution of the biomass dynamics for different values of
the precipitation rate p (according to Table 2). In all cases, we will consider that a
single figure (with two or tree panels) is presented for the same initial condition, so
that the figures in the same section differ for the choice of A, see equation (9). The
panels in the figures differ for the choice of the precipitation rate p, see Table 2.

4.1. Numerical scheme. We treat the time derivatives in our models in Sec. 3 for
the one-dimensional case using the Implicit Euler method because of its uncondi-
tional stability. With the use of the Implicit Euler Method, we discretize the spatial
and temporal domain in n and k steps, respectively, with a grid spacing of dx and
dt.

After reorganizing the terms, the system becomes:

MU = N(U) (10)

where N represents the nonlinear terms, U is used for state variables (A, S and I),
and M is the matrix involving the coefficients of linear terms.

1. To solve the above system of nonlinear equations, we choose a fixed point iter-
ation technique for the numerical evolution of U(i, j), i.e, U(3, ) =~ U(x;, t;),
where x; = xo + idx and t; = tg + jdt, where i is the index of the grid points
in space and j is the index of the time steps.

2. Let U*(i, j) be the value of U (i, j) at the k" iteration, we find the solution at
the current time step using the solution at the previous time step U(i,j—1) =
U°(i,7) as an initial guess.

3. Using the following formula, we determine the new value of U¥*+1(i, j) at each
iteration:

MU = N(UF) (11)
and the iteration is carried out until the error between iterations is less than
a certain tolerance.

Despite all these precautions, we still observe occasional instances of instability
in the numerical scheme. In our view, this arises from the incompatibility between
the boundary conditions and the internal operator. Improved results might have
been achieved with a different ratio between the spatial and temporal discretization
parameters. However, we chose not to include results using alternative ratios, as our
aim is to highlight that such instabilities require a different numerical approach. In
future research, we plan to develop a more robust scheme to address these challenges.

The simulations are performed in MATLAB that has been used on a laptop PC
with Intel i7 core.

4.2. Results for BETIW model. The obtained results in the case of BETTW
model (2) (Figures 1-3) indicate that the model can exhibit patterns or constant
steady-state behavior depending both on the precipitation rate and on the initial
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Ficure 1. BETIW - Evolution in space x and time ¢ of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, (b) 1.0, and (c) 2.0, obtained by numerically simulating equa-
tions (2) with initial condition (9) considering Tp = 0, A = 0.8 and
k = 0.001 while the other parameter values are considered as in
Table 3.

Biomass
Biomass
Biomass

04
05 5000

2500 2500 2500

Time (t) 0 o Space (x) Time (t) 0 o Space (x) Time (t) 0 o Space (x)

() (B) ()

FIGURE 2. BETIW - Evolution in space x and time ¢ of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, (b) 1.0, and (c) 2.0, obtained by numerically simulating equa-
tions (2) with initial condition (9) considering Tp = 0, A = 0.2 and
k = 0.001 while the other parameter values are considered as in
Table 3.

availability of biomass, which in our simulations is given by the parameter A of the
initial condition. In particular, in Fig. 1 where A is higher (A = 0.8), we notice that
in two cases we get patterns, while in the case of higher water availability, this leads
to a constant steady-state solution. In Fig. 2, where A is taken as intermediate (A =
0.2), we notice the same behavior asymptotically while there are more oscillations
in the transient phase. In Fig. 3, we observe a very different behavior; when A is
taken below a certain threshold (A = 0.1), we observe extinction of the biomass
if the precipitation rate is below a critical value. On the other hand, in the third
panel of Fig. 3, we observe a constant, non-zero, asymptotic solution (notice that
the transient behavior is cropped to maintain the same scale as the other panels in
the same figure).
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Ficure 3. BETIW - Evolution in space x and time ¢ of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, (b) 1.0, and (c) 2.0, obtained by numerically simulating equa-
tions (2) with initial condition (9) considering Tp = 0, A = 0.1 and
k = 0.001 while the other parameter values are considered as in

Table 3.
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FiGUrRE 4. BETMW - Evolution in space x and time ¢ of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, (b) 1.0, and (c) 2.0, obtained by numerically simulating equa-
tions (3) with initial condition (9) having To = 0.0001, A = 0.8
and k = 0.01 while the other parameter values are considered as in

Table 3.

389

4.3. Results for BETMW model. Regarding the BETMW model (Figures 4-6),
the results show that, depending on the precipitation rate and the initial biomass,
the model can display patterns or constant steady state behavior for biomass, as in
the BETIW model. Specifically, we observe that in Fig. 4, when A is higher (A = 0.8
or A = 0.2), we have patterns in two cases. However, the BETMW model produces
an increasing number of peaks with p = 1, in contrast to the BETITW model. On the
other hand, this leads to a constant steady state solution when there is more water
available (p = 2). A similar behavior is observed asymptotically in Fig. 5, where A is
assumed to be intermediate, but with greater oscillations in the transient phase. We
observe a significantly different behavior in Fig. 6 when A is taken below a certain
threshold (A = 0.1), if the precipitation rate falls below a critical value, we observe
biomass extinction. However, for p = 2, a constant, non-zero, asymptotic solution
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Ficure 5. BETMW - Evolution in space z and time ¢ of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, (b) 1.0, and (c) 2.0, obtained by numerically simulating equa-
tions (3) with initial condition (9) having Tp = 0.0001, A = 0.2
and k£ = 0.01 while the other parameter values are considered as in
Table 3.
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FIGURE 6. BETMW - Evolution in space xz and time ¢ of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, (b) 1.0, and (c) 2.0, obtained by numerically simulating equa-
tions (3) with initial condition (9) having Tp = 0.0001, A = 0.1
and k£ = 0.01 while the other parameter values are considered as in
Table 3.

can be observed in the third panel of Fig. 6 (notice that the transient behavior is
cropped to maintain the same scale as the other panels in the same figure).

4.4. Results for BETIMW model. The results for the BETIMW model (Fig. 7-
9) are consistent with those of the BETMW model. In particular, we see patterns
with the increasing number of peaks (Fig. 7 and 8) with a greater value of p (p = 1)
and A (A= 0.8 or A =0.2). Furthermore, the BETIMW model leads to a constant
steady state solution when there is additional water available (p = 2). In Fig. 9
when A is taken below a certain threshold (A = 0.1), biomass extinction occurs if
the precipitation rate is below a critical value and a constant, non-zero, asymptotic
solution can be observed for p = 2. (notice that the transient behavior is cropped
to maintain the same scale as the other panels in the same figure).
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Ficure 7. BETIMW - Evolution in space z and time t of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, (b) 1.0, and (c) 2.0, obtained by numerically simulating equa-
tions (4) with initial condition (9) considering Tp = 0, A = 0.8 and
k = 0.1 while the other parameter values are considered as in Table
3.
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Ficure 8. BETIMW - Evolution in space x and time ¢ of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, (b) 1.0, and (c) 2.0, obtained by numerically simulating equa-
tions (4) with initial condition (9) considering Ty = 0, A = 0.2 and
k = 0.1 while the other parameter values are considered as in Table
3.

4.5. Results for the models with logistic biomass growth. The results show
that in the case of the models with logistic biomass growth (Fig. 10-15) exhibits
steady state behavior for biomass for all values of p and A. For each three models,
we observe a comparable steady state in the figure with an associated value of A,
but at a higher uniform biomass level for a higher precipitation value p.

The first difference to note is that the modeled ecological system produces pat-
terns when biomass growth is exponential, whereas, with logistic growth, it always
goes to a uniform solution. In ecological terms, this means that if the biomass is
limited by other factors (space, nutrients, light, etc.), implicitly described by logistic
growth, it manages to arrive at a stable system value without producing patterns
in space.
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Ficure 9. BETIMW - Evolution in space z and time t of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, (b) 1.0, and (c) 2.0, obtained by numerically simulating equa-
tions (4) with initial condition (9) considering Tp = 0, A = 0.1 and
k = 0.1 while the other parameter values are considered as in Table
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Ficure 10. BLTIW - Evolution in space z and time ¢ of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, and (b) 2.0, obtained by numerically simulating equations (5)
with initial condition (9) considering Ty = 0, A = 0.8 and k = 0.01
while the other parameter values are considered as in Table 3.

The introduction of water into the biomass-toxicity dynamics resulted in the
BETIW, BETMW, and BETIMW models also producing patterns, in contrast to
our previous work [1]. In particular, in the models considered in the present work,
the presence of water creates feedback in the biomass-toxicity dynamics leading
to the occurrence of Turing conditions with certain parameter sets (p = 0.7 and
p = 1.0) and consequently, the formation of patterns (Fig. 1, 2, 4, 5, 7, 8) whereas
in the absence of water in the model the system would go towards infinite biomass
growth or uniform biomass regardless of the precipitation value [1].

From the numerical simulations and in the breadth of the domain considered, it
can be observed that the BETIW model always produces two peaks under conditions



ENHANCED FORECASTING OF BIOMASS-TOXICITY-WATER MODELS 393

0.8 0.8
0.7

0.6

14
=)

0.5

0.4

Biomass
o
S

o
N}

0.3

o

0.2

o
S
S

30 01

500 20 500 20

10 @0
Time (t) 00 Space (x) Time (t) 00 Space (x)

(a) (B)

FIGURE 11. BLTIW - Evolution in space x and time ¢ of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, and (b) 2.0, obtained by numerically simulating equations (5)
with initial condition (9) considering Ty = 0, A = 0.1 and k = 0.01
while the other parameter values are considered as in Table 3.

08 08
07 07
0.8 0.8
06 06
0.6 !
05 05
’ 04 5 04
: 03 - 03
0 02 02
1000 1000
30 041 30 0.1
500 20 500 20
0 10 0

10
Time (t) 0 0 Space (x) Time (t) 0 0 Space (x)

Biomass
o o
N S
Biomass
o o o
N S o

o

(a) (B)

Ficure 12. BLTMW - Evolution in space x and time t of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, and (b) 2.0, obtained by numerically simulating equations (6)
with initial condition (9) considering Ty = 0, A = 0.8 and k = 0.01
while the other parameter values are considered as in Table 3.

with a sufficiently large initial biomass value (A = 0.8 or A = 0.2) (Fig. 1 and 2),
whereas the BETMW and BETIMW models produce increasing numbers of peaks
as the initial biomass increases (Fig. 4, 5 and Fig. 7, 8). In ecological terms, the
BETIW system produces two vegetation spots with a larger size (i.e. diameter) than
the four vegetation spots with a smaller size in the other two models.

5. Discussion. In this work, we have examined how autotoxicity and water avail-
ability contribute to the development of spatial patterns. We have presented a
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FIGURE 13. BLTMW - Evolution in space x and time ¢ of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, and (b) 2.0, obtained by numerically simulating equations (6)
with initial condition (9) considering Ty = 0, A = 0.1 and k = 0.01
while the other parameter values are considered as in Table 3.
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FiGure 14. BLTIMW - Evolution in space x and time t of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, and (b) 2.0, obtained by numerically simulating equations (7)
with initial condition (9) considering Ty = 0, A = 0.8 and k = 0.01
while the other parameter values are considered as in Table 3.

comparison between different reaction-diffusion PDE models that explain the dy-
namics of plant biomass in the presence of toxicity produced by litter decomposition
and water scarcity. We included mortality and inhibitor terms in our models to cap-
ture the components’ individual death rates and inhibitory effects and logistic and
exponential growth functions to reflect various growth patterns.

In order to present the complete analysis and forecasting, and to tighten the
numerical results obtained with the analysis of stable and unstable branches of
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FIGURE 15. BLTIMW - Evolution in space z and time t of the
biomass density B illustrated for varying precipitation rates p: (a)
0.7, and (b) 2.0, obtained by numerically simulating equations (7)
with initial condition (9) considering Ty = 0, A = 0.1 and k = 0.01
while the other parameter values are considered as in Table 3.

(A) (B) ()

FIGURE 16. Exponential Growth Models - Distribution of the
biomass density B in the z-y plane for BETIW, BETMW, and
BETIMW models in (a), (b), and (c), obtained by numerically
simulating equations (2), (3), and (4) with initial condition (9)
considering 7o = 0, A = 0.6, p= 0.7, and £ = 0.001, k£ = 0.01, and
k = 0.1 respectively, while the other parameter values are consid-
ered as in Table 3.

solutions, we have focused our numerical investigation on a one-dimensional spatial
domain; however, an analogous analysis can be conducted in two dimensions. As an
example, we present in Fig. 16, 17 the obtained asymptotic solutions by considering
a 2D square domain divided in 150 x 150 subdomains. Initially, we assume that the
biomass is non zero only on four Gaussian peaks (with height A = 0.6 and width
o = 0.3) distributed randomly in the square domain. We can model the development
and dispersal of biomass from discrete seed locations using this initial condition.
We consider periodic boundary conditions for the lattice, which essentially wraps
around our square domain, removes edge effects. This is a common framework in
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(a) (B) ()

FIGURE 17. Logistic Growth Models - Distribution of the biomass
density B in the z-y plane for BLTIW, BLTMW, and BLTIMW
models in (a), (b), and (c), obtained by numerically simulating
equations (5), (6), and (7) with initial condition (9) considering
To =0, A =0.6, p = 0.7, and k = 0.01, respectively, while the
other parameter values are considered as in Table 3.

the present application because replicates a wider, continuous setting well-suited
for studying pattern formation and long-range interactions in ecological systems.

As can be observed in Fig. 16, spotted patterns of different heights appear, that
are typical of such vegetation behavior, and also some constant biomass behavior
can be reached by the different models applied with the same choice of parameters.
Notice that in the three cases of exponential models we have chosen different death
rates of toxicity so to forecast different scenarios. The wide range of results indicates
that these models may prove to be powerful tools for analyzing real landscape
conditions that are demonstrated in satellite photography (aerial photographs).
Also, the modelling framework presented in this work can provide guidance in the
construction of policies against desertification based on the ecological environment.
As the six models provided here lead to six different ecological scenarios even though
all systems consider the same soil conditions and the same plant species, we can
deduce that the growth and inhibition dynamics play an important role in the
evolution of the system dynamics.

Through a comparison between the patterns generated by our models and those
found in satellite photographs, it could be possible to determine the ecological pro-
cesses and underlying environmental conditions that are present in a particular
terrain. This approach could be useful for determining stress hotspots, forecasting
ecosystem health, or comprehending resource distribution in space. From this in-
formation, one could deduce which of the six modelling approaches illustrated here
should be applied in order to better forecast the future dynamics. This gives that we
have a powerful set of choices when modeling what is known for aerial photographs
of real vegetation patterns and can apply the best of the six models for forecasting.
Thus, our modelling strategies offer a viable way to convert satellite information
into insightful ecological assessments that could support conservation initiatives,
land management choices, or the early identification of changes in ecosystems. In
future work, we intend to enhance our methodology with the help of available satel-
lite data in order to give valuable predictions and indications.

Appendix A. Equilibria and stability. In this section, we outline the steady-
states for each of the six models under consideration and perform numerical contin-
uation to investigate their stability, as well as the emergence of bifurcations leading
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to patterns. All models admit three equilibria, which we denote as (B, W§,T{),
(Bi, wx, Tj)7 and (Bi, W*, Ti). In all cases, the first steady-state (corresponding
to bare soil) is given by

(BL, W, Ty = (0,?,0). (12)

This steady-state is always stable w.r.t. homogeneous perturbations in the case
of the BETIW, BETMW, and BETIMW models, whereas it undergoes a Turing
bifurcation at p = %l in the case of the BLTTW, BLTMW, and BLTIMW models.

The remaining equilibria correspond to uniform vegetation and vary depending
on the model considered. The stability of these steady-states is then explored nu-
merically using the software pde2path [49] focusing on the 1D case. In particular,
we consider a grid of length 30 and fix all parameter values except for the precipi-
tation rate p. The diagrams shown in each section all show on the vertical axis the
Lo-norm of the biomass density, indicated by || B]|2.

A.1. BETIW model. In this case, the steady-states corresponding to uniform
vegetation are given by

_ gkp £ \/g*k?p? — 4dkl(cdgp + dkr)

By = 2(cdgp + dkr) ’
* p
Wi= (B1)?r +1 (13)
dr ((BL)? +1
rq o (B ] 3t ).
gpBL

These steady-states are admissible (i.e. all their components are nonnegative) as
long as

cdl + 2d ( (@& + k%))

0 (14)

p=

A.2. BETMW model. In this case, the steady-states corresponding to uniform
vegetation are given by

gkp £ \/k (92kp® — 4dl (cgps + dkr))

Bl =
+ 2(cgps + dkr) ’
* p
wi=—P
B (15)
cdBL
T = 7%
* 7 k—esBx

These steady-states are admissible (i.e. all their components are nonnegative) as
long as

cls+2d ( 1(c2ls? + k2r))
p= :

> 7 (16)



398 M. ABBAS, F. GIANNINO, A. IUORIO AND F. CALABRO

3
1Bll2

Precipitation rate p

FicURE 18. Bifurcation diagram obtained with pde2path on a 1-
dimensional domain of size 30 for the BETITW model. Thick (thin)
lines indicate stable (unstable) equilibria. The black curves repre-
sent homogeneous steady-states, whereas the red curve represents
a branch bifurcating from a selected Turing bifurcation point (in-
dicated by open circles). The parameter values are Dg = 0.01,
Dw =08, Dr = 0.5, g = 0.002, d = 0.01, » = 0.35, [ = 0.01,
¢ =0.05, kK =0.001.

A.3. BETIMW model. In this case, the steady-states corresponding to uniform
vegetation are given by

gkp £ \/k (k (g2p2 — 4d2Ir) — 4dglp(c1 + c2)(d + )

B = ,

* 2(gp(e1 + c2)(d + s) + dkr)

N
Wi=Tmrsr (17)
T — gpBi —d (r(B1)? +1)

=

rs(BL)? + gpBi + s

These steady-states are admissible (i.e. all their components are nonnegative) as
long as

2d (\/z ((cr 1 2@ 1 82 T k2r) + (1 + e2)(d + s))
> o

p (18)

A.4. BLTIW model. In this case, the steady-states corresponding to uniform
vegetation are given by

Braxcdgp+gkp £ \/4Bmaxdk(dl — gp)(cgp — Bmaxkr) + (Bmaxcdgp + gkp)?
2d(cgp — Bmaxkr) ’

B =

p

Wi=mom



ENHANCED FORECASTING OF BIOMASS-TOXICITY-WATER MODELS 399

1Bl

0 0.5 1 1.5 2

Precipitation rate p

FicURE 19. Bifurcation diagram obtained with pde2path on a 1-
dimensional domain of size 30 for the BETMW model. Thick (thin)
lines indicate stable (unstable) equilibria. The black curves repre-
sent homogeneous steady-states, whereas the red curve represents
a branch bifurcating from a selected Turing bifurcation point (in-
dicated by open circles). The parameter values are Dg = 0.01,
Dw =08, Dr = 0.5, g = 0.002, d = 0.01, » = 0.35, [ = 0.01,
c=0.05, k=0.01, s =0.2.

(Bi)zBmaxdr + Bigp + Baxdl — Bmaxgp

T =
+ B;kl:gp - Bmaxgp

(19)

The equilibrium (Bi, wi, Tj) is admissible (i.e. all its components are nonnegative)

as long as

Biaxkr
cg

On the other hand, the steady-state (Bi, w*, Tf) is admissible (i.e. all its compo-

nents are nonnegative) as long as

e Ui Lm;;‘kr and % <p# Buaxdkr

cgs ?
Bmaxkr
cs

p> (20)

and p > Bmaxdhr

o [ = . ,
cgs

ol>%andp2%.

A.5. BLTMW model. In this case, the steady-states corresponding to uniform
vegetation are given by

Bt — £/ (Buaxcgps + gkp)? —4Buaxk(dl— gp) (Bmaxdkr —cgps) — gp(Bmaxcs + k)
= 2 (Bmaxdkr — cgps) ’

, p
Wi=——1
27 B2+
cdB%
Ty = ————.
* 7 k—csBL
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F1cURE 20. Bifurcation diagram obtained with pde2path on a 1-
dimensional domain of size 30 for the BETIMW model. Thick
(thin) lines indicate stable (unstable) equilibria. The black curves
represent homogeneous steady-states, whereas the red curve repre-
sents a branch bifurcating from a selected Turing bifurcation point
(indicated by open circles). The parameter values are D = 0.01,
Dw = 0.8, Dr = 0.5, g = 0.002, d = 0.01, » = 0.35, [ = 0.01,
c1 =cy=0.05k=0.1,s=0.2.

However, the equilibrium (Bi, W=, Ti) is never admissible, since at least one of its
component is negative for any choice of parameter values. On the other hand, the
steady-state (Bi, wi, Tjﬁ) is admissible as long as

e 0<i< Bmg;(kr and % Sp?é Bmaxdkr

cgs ?
Braxkr
cSs
Bumaxkr
CcS

= and p > Bumaxdkr

cgs )
o[> and p > %.

A.6. BLTIMW model. In this case, the steady-states corresponding to uniform
vegetation are given by

_ :l:\/g2p2 (Bmax(cl +02)(d+8)+k)2 _4Bmaxk(dl_gp)(Bmaxdkr_(cl +02)gp(d+8))

B 2(Bmaxdkr—(c1+c2)gp(d+s))
o _—Bumaxgpler +e2)(d +5) — ghp
2 (Bmaxdkr — (c1 + c2)gp(d + 5))’
* p
Wi =——-—
T B2+
T — Bmaxgp - Bmaxd ((Bi))zr + l) - ngi
= (B;T:)2BmaXTS - ng;kl: + Bmaxgp + Bmaxls.
(22)
The equilibrium (Bi, W=, Tﬁ) is admissible as long as
k Briaxk
0 < Bpax < —— and p > Zmax T (23)

c18 + C28 cg
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On the other hand, the existence conditions for the steady-state (Bj_, wx, Tji) are
quite involved due to the high number of parameters in the model; we therefore omit
them for sake of readability. Consistently with the numerical simulations shown in

5 -
—BLTIW
e BLTMW

4+ e BLTIMW

B2

2 L

1 L

0

0 0.5 1 15 2

Precipitation rate p

FiGure 21. Comparison of bifurcation diagrams obtained with
pde2path on a l-dimensional domain of size 30. The solid
curves correspond to the homogeneous bifurcation branches for the
BLTIW (blue), BLTMW (red) and BLTIMW (green) models. In
all cases, the homogeneous steady-state remains stable with re-
spect to heterogeneous perturbations, whereas the bare soil steady-
state undergoes a bifurcation at p = %. The parameter values are
Dp = 0.01, Dy = 0.8, Dy = 0.5, g = 0.002, d = 0.01, B, =1,
r=0.35,1=0.01, c=0.05, k =0.01, s = 0.2.

Sec. 4, in all these three cases there are no Turing bifurcation points and no patterns
emerge from the homogeneous vegetation branches of equilibria.
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